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ABSTRACT
The simplest solution to Einstein's field equations is the Schwarzschild solution. This solution is not able to describe
any non-spherical shaped objects. Some stars and galaxies are ellipsoidal. Consequently, the gravitational field around
these objects should be different in comparison with the spherical form. This paper is considering a new line element
so that we are able to construct not only spherical objects but also we are able to explain an ellipsoidal object too. This
new line element is more accurate and complete than the Schwarzschild line element. In this research, we see that the
Schwarzschild line element and its solution is only a part of the whole work, which we have done. For more
consideration, we applied this metric to an arbitrary object in the next step. Moreover, we used this line element for
the solution of a planetary orbit of an ellipsoid planet by using Einstein’s field equations. These equations used for the

exterior solution of an ellipsoidal celestial object.
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INTRODUCTION

Gravitational field equations described by general theory of
relativity (Einstein, 1916). These equations are able to explain
the properties of gravitational field around celestial objects. The
first person who applied these equations was the German
astrophysicist Karl Schwarzschild (Schwarzschild, 1916). He
solved these equations for the first time and described the
gravitational fields only around spherically symmetric and non-
rotating objects in the static form. The exact solution to the
Einstein field equations is the Schwarzschild metric. This
solution is corresponding to the external gravitational field of a
stationary and uncharged object. He ignored the effects of the
star’s interior in his solution. However, Schwarzschild solution
is the simplest solution of Einstein's field equations, but it is not
able to describe non-spherical objects such as elliptical objects
like stars and /or galaxies. The simple structures of elliptical
galaxies are reflected in their place in Hubble’s Classification.

They are characterized by a single number, the ellipticity ¢ =
10(1 — b/a), where b and a are the projected angular extent of
the short and long axis of the galaxy on the sky (Roger, 2006).
In fact, most of the celestial objects like stars and planets are not
exactly spherical but fairly ellipsoidal in shape. Therefore, the
Schwarzschild solution is unsuitable for elliptical objects in
shape. Certainly, to obtain the gravitational field around these
types of objects, we need some more modification in our metric
and line element too. The purpose of the present paper is to
construct a framework for considering ellipsoidal shapes in
general theory of relativity, which covers situations studied for
all ellipsoidal objects.

ELLIPTICAL OBJECTS

In a good approximation huge bodies like galaxies and stars-
cluster, are in the static form. Therefore, assumed rotation of
these objects may not play an important role in our study and for
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general purpose. Some of these objects are in the form elliptic
and In the Euclidean geometry, the concept of an ellipsoid
object, completely is clear but in the curved spaces, it has some
different meaning. Since, the geometry of General Theory of
Relativity (GTR) is based on Riemannian geometry, therefore,
the curved space and its analysis is necessary. In this case, the
perfect-fluid bodies, having an ellipsoidal shape and it is esential
to determine the curvature of space and time in the presence of
an ellipsoid ( Zsigrai 2008). We, therefore, try to find out a
solution to the Einstein’s field equations for static and ellipsoidal
shaped heavenly bodies where we are not much concerned with
its rotation. In the absence of any mass point, the space time
would be flat. Consider ordinary Minkowski space-time,
described by the coordinates (x,y,z), where the static line

element is defined as:
ds? = c2dt? + dx? — dy? — dz* @)

By performing the following coordinate transformations,
(Landau and Lifshitz, 1987)

1

x> (r? + a®)zsin 6 cos @

y = (r?+a®)Y?sin@sing

z->rcosf , t-ot

)

on the metric given in (1), the metric in the new coordinate
(Nikouravan, 2001) is,
r? + a’cos?0

ds? = c?dt? —
r? +a?

dr? — (r? + c0s?0)d6? +
(r? + a?)sin?6dp? €))
In this coordinate frame, a is a constant in the, Xy surface. The

above line element (3) is valid only for a vacuum space and time.
This line element in the presence of a mass point takes the
following form

%2 + a®cos?0

ds? = eVdt? — et
r2 + a?

)drz — (r? + c0s°0)dH?

+(r? + a?)sin?0d p* (4)

Here ' and e’ are as coefficient the parameters A and v, are
function of r and & only and c is the velocity of light and
supposed as unit(c=1). By using covariant, g;; and
contravariant, g components (i, j=1,2,3,4) of the metric

tensors (4) the values of non-vanishing first kinds of Christofell’s
symbols for are;

A (r? + a’cos?0) r
2(r? + a?) (r?2 + a?)

r(r? + a’cos?0)
(r2 + a?)?

Lpa=e

1 2 2 ;
F3/23 =113/32 = E(T' +a )stB

_[A(r? + a%cos?0)  a?sin26
12 = Lo = —e™*
112 = /21 2(r?2 4+ a?) 2(r?2 4+ a?)
Lo A(r? + a?cos?0)  a? sin26
2/ =€ 2(r?2 4+ a?) 2(r2 4+ a?)

1 .
Do =Lpi=—1, Iz = 5 (r? + a?®)sin26

!

v v
L4 = —€” (E) ) [j4q = —€ (?)

L33 =—rsin*@ , Ly, =1, I35 =1sin*0

!

v v
Taj1a = Lopar = €7 (7) Lyjpa = Tyjan = € <§)

(®)
Also the second kinds of Christofell’s symbols are as,
1 _ A r r
I, =5+ —
1172 (r2+a200320) (r2+a2)
1 _rl _A_ a?sin20
12 2172 2(r2+a2c0329)
1 —r(r2+a2)
Yo2= g % 2 2.
et (r<+a“cos<6)
1 _—r(r2+a2)sin2¢9
133~ 21,2 22002
e (rc+a<cos< )
il _ 0e? (r2 +a?)
44 2e’1(r2+a200526’)’
r2 _ vel
44 2(r2+a2c0320)
r2 :—(r2+a2)sin29
33 2(r2+a2c0520)'
2 2 r
I =05,= ,
12 21 (r2+a200526)
L2 _ — det etaZsin20
117502 a2y o2 202y 2 2 a2 co2 oy |
2(rc+a“) 2(rc+a<)(rc+a“cos<09)
r 3 3
To,=T3,= , 'S, =I5, =cotgé,
13 31 (r2+a2 23 32
4 _0U 14 _
Bia=Tag1=% T24=Ty2=%
a1 aa 3 a ©)
== ‘:— ,=_‘U :—U i
Here./l—ar,/l 8 v P and v % have their usual
meaning. Consequently different values of Ricci tensors are:
R II+_Ul2 /‘llvl /‘l/
T2 04 4 oy o
+ e’ )1'+/12+/w+1 tgf
— —+—= co
21 2 72 g
+ [small terms a?,a3or,a*]
. (4 52) )
@W-=-2) A i (22492
Ry=-1l+et4+rert——4-+-+—— 2+
22 2 22 4
[small terms a?,a%or,a*]

(8)



IJFPS, Vol.1, No.1, pp. 1-5, March, 2011

B. Nikouravan

Ry3 = Sin?0 [—1 +et+ re_)‘@ + (“U) cotg@]
)

t -t

Ryq = —(e"" ’1)[

(eu)[ + +—+v cotge]

2r2

UIZ yIK ]

(10)

With Mathematica, we are able to calculate all components of
Ricci tensors (Nikouravan 2009). All components of Ricci
tensors R;;’s, (7), (8), (9) and, (10) for & approximately
constant, are identically to zero and simplifies to the following
form,

T T )
Ry = *[%—%T+1j—1 (12)
R33={ A(%—%,r+lj }sm 0 (13)
R44=—%e”l(u”+v—;—%+27dJ (14)

The solution of these equations (11), (12), (13), and (14) for A
and v we get, r~1(dv/ar) + (8A/rdr) = 0. After integration
we have 1 + v = A. The value of A is a constant of integration
which may be set equal to zero. For large r, the values 1 =0
and v = 0 then 1 = —v By substituting in the above equations

we get, e (1 + v ) = 1. After integrating we have re’ = r +

B. Here the value of B being constant of integration i.e. e” =

~* =1-2m/r , where we have put B = —2m. This is done
in order to facilitate the physical interpretation of m as the mass
of the gravitating particle. Finally, the suggested line element
due to a static and ellipsoidal isolated gravitating mass point get
in the following form (Nikouravan, 2011).

2m 1 r? 4+ a?cos?0
as? = (1-=7) ae? - 2% %) ar?
r (1 _ 2_’") r2+a
r

— (% + c0s%0)dB? — (r? + a®)sin® 0 dp?
(15)

Here the meaning of m is as Schwarzschild equation. Indeed, if
we set m = GM/c? then we see that, for large value r g =
GM /r? so that M is the mass of central body. In relativistic units
(c =G =1) we simply have m = M (Wolfgang, 2006) and
dimensionally are correct. In equation (16), if we put a = 0 then
it become Schwarzschild line element. In fact Schwarzschild
metric is only a spherically symmetric solution of Einstein’s
equation for the vacuum space (Chandrasekhar, 1983).

ds? =(1—27m)dt2—@

dr? —r2d0? — r%sin? 6 do?
(16)

Equation (15) is more general and complete as compared with
equation (16). The line element (15) is not only valid for
ellipsoidal form of any object but also it can explain the spherical
form of object too.

PLANETARY ORBITS

Here we consider a solution for planetary orbits by using
Einstein’s field equations (Einstein, 1916). In terms of curved

coordinate system x' , we start with the line element (15) and
attempt to solve these equations as exterior solution for a planet
going around an ellipsoidal star. Indeed, we need to have
equations that determine the connection field surrounding a
heavy elliptical object such that it describes the gravitational
field correctly (Hooft 2009). Consequently it is assumed that the
ellipsoidal star remains at the center and the planet is rotating
around the star. Therefore, the geodesic differential equations of
the ellipsoid and their space-time trajectories are given by,

dx“ N o ax# dx?

ds? 2 ds ds
In the line element (15), mand r, are the mass and radius of
ellipsoidal star, respectively. By using (6) for the non-vanishing

Christofell’s symbols of second kind, and (18), we have four
differential equation of motion as below.

d2r dr do d¢ 2 (drde
o2 {F“[ds] +r22[dsj +r33[dsj +r44(ds] 20 45s )| 70

(17

(18)
40 il 12 $2+r2 oy’ +T2 1A +T2 corz[drao)_,
52 Bas) 2lds)  =lds “ ds 2 ds ds
(19)
2
d_f_k%(ﬂ%j_FZc;otgg (d_ed_¢j:
ds (rc+a“) d ds ds
(20)
d?t ,[dr dt) .(d@ dtj
—+V | —— |+ ——|=
ds? ds ds ds ds
(21)

The above relations are the equations of motion of a secondary
going around an ellipsoidal star. If the planet moves initially in a

plane 6 = g then % = 0, and the above equations are,

, 2
d—2£+i[$J —re*sin 9[d¢j +e“"10[dt) =0
ds 2 \ds d ds
(22)
l dr e dt _
“ G (ds) G| )
(23)
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oy, 2 _(src)

ds? (r?+a?%)\dsds
(24)
d? ,[dr dtj
ds? ds ds
(25)
The solution of these equations yields,
1 d 2, dg . dg
7(r2+az)ds(( -0 e |2 & ranse)-o
eV _ i i "g =
“ds( )_ e ds(e ds) 0
By integrating the above equations we have,
(r? +a)d¢ h, eE K
ds
(26)

Where h and k are constants of integration. The constant & is a
measure of the angular momentum of the motion. Further,
instead of working with equation (24) due to its troublesome

integration, we use the line element (4). By using % =0 ,1=
—v, hand k as constant of integration, we get,

2 2 2
- [ﬂj H’U%*kz*e”:‘)
r-+a ds (re+a%)

@7)
Using (dr/ds)= (dr/dg)(dg/ds) = (h/r?)(dr/dg) and
e' =1-2m/r the equation (27) becomes
r2h2 dr ) 2m h2 -
{(r2 +a?)? J[WJ N [1_rj[l+ (r*+ az):l —ke=0
(28)

Now, if we substitute « = 1/r in the above equation and after
rearranging, we get

(S;JZ+(1+a2u2)2u2=[k:]2_1](1+azuz )3+(2:]uj(1+a wfs

2mu3(1+ a2u2)2
(29)

Differentiating the above equation with respect to ¢ we can
easily get

5 +u(1+a2u2)[1+3a2u2j (hrgj(1+a2u2)3 +
2(1+azu2)(3+7azu2)+3a2u[k§2 1}(1+a2 ij +

[6m:§u2 J(Haz 2)2

42y
dg

(30)

Equation (30) represents the relativistic differential equation of
the path of a planet going around an ellipsoidal star. Here r and
@ are the special coordinates, and ds is an element of the proper
time as measured by a clock moving with the planet. In
approximation small terms multiplied with u® and greater
powers of u in equation (30) are still small and hence can be
approximated to zero and get,

2 20102
d—l; +u 1—w :ﬂz+3mu 1+zi
d¢ h h h?

Therefore, the relativistic differential equation of the orbit of the
planet, equation (31), can be compared with the corresponding
Schwarzschild line element for a spherical planet which is as

(1)

below.
2
d ;+ [m]+3mu2 (32)
dg h2
and Newtonian equation, (Ramsey,1961)
2
d—sz +U= ﬂz (33)
d¢ h

RESULTS AND DISCUSSION

By comparing line elements (4) and (15) we get the values of e*
and e’ are in terms of mass of the object or mass of the
gravitating particle, like Schwarzschild. The relation between
these two factors, is e’ =e™* =1-2m/r. By applying these
values, we get the line element in the form of (17) as follows,

2 2 2
52 :(l—sz)dtz— 1 I:r +a“cos H:ldrz_

_2my| r?+a’
- 2m
(r? +a%cos?6)dd — (r? + a?)sin? 0dgp?

The line element (15) is more complete than Schwarzschild line
element (16). The line element (16) can be obtained by
substituting a =0 in (15). But the main difference between (15)
and (16) is the value ofa. For an ellipsoid, a=0 and for a

spherical object a=0. The equation (16) is valid only for

spherical and is not possible to find out any non-spherical line
element. The lines of gravitational field around the spherical and
elliptical objects certainly are in different form. Therefore, the
motion of secondary around the first object, in case of elliptical
and/or spherical, certainly should be different. Hence the
equations of motion, for elliptical in shape, is calculated using
general theory of relativity and the result is (31).

The equation (31) simply shows the effect of elliptical objects in
the space and also is the differential equation of motion. By
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substituting, a=0 in (31), we get (32), which describes the same
conditions for the Schwarzschild line element. It means,
Schwarzschild line element (16) and it’s relating calculated
equations of motion, for planetary orbit (32), all are results of
(15) and (31), respectively. Certainly the Newtonian differential
equation of motion (33) also is the next result of equation (15)
and (31). The pictures given below show the results of
calculations and differential equations of motion for flat,
spherical and elliptical objects separately.

CONCLUSION

The aim of this work was to obtain a new form of line element
which should be able to describe gravitational field around an
elliptical object with solution of general theory of relativity.

This solution not only describes the gravitational field around
elliptical objects in shape but also it can explain the field around
spherical objects too. One of the applications of this line element
is planetary orbit of an object around the elliptical object.
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